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XXIII. A Fifth Memoir upon Quantics. By Arthur Cayley, Esq., F.B.S. 

Eeceived February 11, — Bead March 18, 1858. 

The present memoir was originally intended to contain a development of the theories of 
the covariants of certain binary quantics, viz. the quadric, the cubic, and the quartic ; 
but as regards the theories of the cubic and the quartic, it was found necessary to con- 
sider the case of two or more quadrics, and I have therefore comprised such systems of 
two or more quadrics, and the resulting theories of the harmonic relation and of invo- 
lution, in the subject of the memoir ; and although the theory of homography or of the 
anharmonic relation belongs rather to the subject of bipartite binary quadrics, yet from 
its connexion with the theories just referred to, it is also considered in the memoir. 
The paragraphs are numbered continuously with those of my former memoirs on the 
subject: Nos. 92 to 95 relate to a single quadric; Nos. 96 to 114 to two or more qua- 
drics, and the theories above referred to; Nos. 115 to 127 to the cubic, and Nos. 128 
to 145 to the quartic. The several quantics are considered as expressed not only in 
terms of the coefficients, but also in terms of the roots, — and I consider the question of 
the determination of their linear factors, — a question, in effect, identical with that of 
the solution of a quadric, cubic, or biquadratic equation. The expression for the linear 
factor of a quadric is deduced from a well-known formula ; those for the linear factors 
of a cubic and a quartic were first given in my " Note sur les Covariants dune fonction 
quadratique, cubique ou biquadratique a deux indeterminees," Crelle, vol. L. pp. 285 
to 287, 1855. It is remarkable that they are in one point of view more simple than 
the expression for the linear factor of a quadric. 

92. In the case of a quadric the expressions considered are 

(a, h, cjx, y)\ (1) 

ac~b 2 , (2) 

where (1) is the quadric, and (2) is the discriminant, which is alsp the quadrinvariant, 
catalecticant, and Hessian. 

And where it is convenient to do so, I write 

(1) =u, 

(2) =□• 

93. We have 

which expresses that the evectant of the discriminant is equal to the quadric ; 
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which expresses that the provectant of the quadric is equal to the discriminant ; 

(a, b, cybx-{-cy, -^«-5y) 2 =pU, 

which expresses that a transmutant of the quadric is equal to the product of the qua- 
dric and the discriminant. 

94. When the quadric is expressed in terms of the roots, we have 

or 2 D = -J(«H3) 2 ; 

and in the case of a pair of equal roots, 

a~ x V =(#— ay) 2 , 
□ =0. 

95. The problem of the solution of a quadratic equation is that of finding a linear 
factor of the quadric. To obtain such linear factor in a symmetrical form, it is neces- 
sary to introduce arbitrary quantities which do not really enter into the solution, and 
the form obtained is thus in some sort more complicated than in the like problem for a 
cubic or a quartic. The solution depends on the linear transformation of the quadric^ 
viz. if we write 

so that 

a!=(a 9 b, c£x, v) 2 , 

d=(a 9 b, $>, f) 8 , 
then 

a!d — V 2 = (ac-b 2 )(k s -(*v)\ 

an equation which in a different notation is 



(a, b, cX* 9 y)\{a, J, cJX, Y) 2 -{a~b, cjx, yJX, Y)) 2 = U{Yx-Xy)\ 

in which form it is a theorem relating to the quadric and its first and second emanants 9 
The equation shows that 

(a, b, cjw, #XX, Yj+x/— n (Y#— Xy), 

where (X, Y) are treated as supernumerary arbitrary constants, is a linear factor of 
(#, #, c£x, yf, and this is the required solution. 

96. In the case of two quadrics, the expressions considered are 



(a, b, cX%, yf, 


(1) 


(a!, b', djx, y)\ 


(2) 


ac—b 2 , 


(3) 


ad—2bb'+ca' , 


(4) 


a'd-V* 


(5) 
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(6) 



(aV—db, ad—a!c<> bd—Vc H^^yf^ (7) 

(Xa+(Jba\ Xb+fjbb', \c-\-pd ^x^y) 2 , (8) 

(ac-b 2 , ad—2W+ca! 9 a! d -V%\, p)\ (9) 

(1) and (2) are the quadrics, (3) and (5) are the discriminants, and (4) is the lineo-linear 
invariant, or connective of the discriminants ; (6) is the resultant of the two quadrics, 
(7) is the Jacobian, (8) is an intermediate, and (9) is the discriminant of the interme- 
diate. And where it is convenient to do so, I write 



a) 

(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 



U, 

n, 
Q, 

a', 
K, 

w, 
e. 



97. 



The Jacobian (7) may also be written in the form 

f,—y%, a? 
a , b , c 
a!, V , d 

The Resultant (6) may be written in the form 

a, 2b , 

a, 2 b , c , 

a!, 2b', 

a', 2b', d, 

MDCCCLVIII. 3 M 
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and also, taken negatively, in the form 

4(«y - a!b){bd — Vc) — {ad — dc)\ 
which is the discriminant of the Jacobian ; and in the form 

4(00 - h 2 ){a!d - V 2 ) -{ad- 2bV + ca% 

which is the discriminant of the Intermediate. 

98. We have the following relations: — 

{a, b, cJVx+dy, —dx—Vy) 2 = 

— {dd—V 2 ) {a, b, c X#, yf 

+{ad-2bV+cd) {d, b\ djx, yf, 

{a\ b\ d^bx+cy, —ax-—by) 2 = 

+ {ad—2bV+cd) {a, b, c\x, yf 

~-{ac—b 2 ) {a!, b\ djx,y) 2 , 

and, moreover, 

{ac-b 2 , ad-2bV+cd, dd-V'XU 1 ,- U) 2 

= — {(aV—db, ad—dc, bd—VdJ^x^ yfY\ 

an equation, the interpretation of which will be considered in the sequel. 

99. The most important relations which may exist between the two quadrics are — 
First, when the connective vanishes, or 

ad-2bb f +cd=0, 

in which case the two quadrics are said to be harmonically related : the nature of this 
relation will be further considered. 

Secondly, when R=0, the two quadrics have in this case a common root, which is 
given by any of the equations, 

x 2 :2xy:y 2 ='d a Tl :d 6 R :d c R 

= be — Vc : ca! — da : aV — alb. 

The last set of values express that the Jacobian is a perfect square, and that the two 
roots are each equal to the common root of the two quadrics. 

The preceding values of the ratios x 2 : 2xy : y 2 are consistent with each other in virtue 
of the assumed relation R=0, hence in general the functions 

4d a R.B c R-(3 6 R) 2 , B a R.d 6 ,R-d 6 R.B a ,R, &c. 

all of them contain the Resultant R as a factor. 

It is easy to see that the Jacobian is harmonically related to each of the quadrics ; in 
fact we have identically 

a{bd— b ! c)+b{ca f — da)+c{aV—db)=Q, 

d{bd - Vc) + V{cd - da) + d{aV - a'b) = 0, 
which contain the theorem in question. 



ME. A. CAYLEY'S EIETH MEMOIR UPON QUANTICS. 



433 



100. When the quadrics are expressed in terms of the roots, we have 

a~ l \J =(x—uy )(x—(3y ), 
a!" 1 ^ =(a?— a'y)(a?— j3'y), 
4a" 2 D = — (a-|3) a , 
2(^')- 1 Q=2aj3+2^j3 , -(a+ i 8)(^+i3'), 

(aa ! )- 2 R =( a _ a ')( a _j8')(j3— a')(|3— j3'), 
(0a')"" 1 !! = y 2 , 2y# , # 2 

1, a + 13, aj3 
1 , a'+/3', a'|8' 

101. The comparison of the last-mentioned value of R with the expression in terms 
of the roots obtained from the equation 

-R=4DD'~Q 2 , 
gives the identical equation 

( a -/3)»( a '_/37»_{2^+2a^^ 

which may be easily verified. 

102. We have identically 

2a/3+2a'/3 / — (a+j3)(a'+/3') 

= 20 -a'Xa-jSO-Ca-^a-a'-jS') 
= 2(/3-a%3-/3')-(|3 -a)(2^ -a'-/3') 
= 2(a'— a)(a'-/3)-(a'— /3')(2a'-a— 18) 

and the equation Q=ac f ~2bb t -\-ca! =0 may consequently be written in the several 
forms 

__2 1 1 

a— /3 — «— a' + a — |8 P 
_2 1 1 

2 1__ 1 



d-p—ot-aTol-f 

2 1 1 

p-aJ—fH-aTp-p 

so that the roots (a, |3), (a', j3') are harmonically related to each other, and hence the 
notion of the harmonic relation of the two quadrics. 

103. In the case where the two quadrics have a common root oc=a\ 

d~ l \J , -==.(x--ay)(%--@!y), 
3m 2 



jcQrk' 
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4<r 2 a 

2(aa l )~ 1 Q 

4a / ~ 2 a' 

R 



:-( a -/3) 2 , 

(«-(3)(a-(3'), 

:(« — /3') 3 , 
:0 



(a , b , c Xar, y) 2 , 


(1) 


(a', 5', c'X^, y)\ 


(2) 


(a", b", c"\x, yf, 


(3) 


a , 5 , c 


5 


(4) 


a', #' , d 






a", b", d' 







104. In the case of three quadrics, of the expressions which are or might be con- 
sidered, it will be sufficient to mention 

(a , b , c 

(a! , b\ c 1 

a , 5 , c 
a', # ; , </ 

a", b\ & 

where (1) 5 (2), (3) are the quadrics themselves, and (4) is an invariant, linear in the 
coefficients of each quadric. And where it is convenient to do so, I write 

(1) == u, 

(2) = U', 

(3) = U ; ', 

(4) = a. 

105. The equation 0=0 is, it is clear, the condition to be satisfied by the coefficients 
of the three quadrics, in order that there may be a syzygetic relation XU+^U ; +^U ; '=0, 
or what is the same thing, in order that each quadric may be an intermediate of the 
other two quadrics ; or again, in order that the three quadrics may be in Involution. 
Expressed in terms of the roots, the relation is 

1, a -f-/3 , a|3 

1, a f +j3 ? , *'j3' 

1, a"+j3", a"j3" 

and when this equation is satisfied, the three pairs, or as it is usually expressed, the six 
quantities #, j3 ; oc\ j3' ; a", |3", are said to be in involution, or to form an involution. 
And the two perfectly arbitrary pairs a, /3 ; a', |3' considered as belonging to such a 
system, may be spoken of as an involution. If the two terms of a pair are equal, e. g> 
if a ff =|3 ,; = ^, then the relation is 

1, 26 , d 2 =0; 
1, a +|3, ocj3 
1, ci f +(5\ a 1 ft 
and such a system is sometimes spoken of as an involution of five terms. Considering 



0; 
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the pairs (a, )3), (a', j3') as given, there are of course two values of which satisfy the 
preceding equation ; and calling these i and U , then t and U are said to be the sibi- 
conjugates of the involution #, (3 ; a', j3 ; . It is easy to see that P U are the roots of the 
equation H=0, where H is the Jacobian of the two quadrics U and U 7 whose roots are 
(&, /3), (a', j3'). In fact, the quadric whose roots are P U is 

j/ 2 , 2yx , w 2 

1 , a +/3 , a/3 

1 , a'+j3', a'/3' 

which has been shown to be the Jacobian in question. But this may be made clearer 
as follows : — If we imagine that A, p are determined in such manner that the inter- 
mediate xU+jfcU' may be a perfect square, then we shall have XU+f&U' =#''(#— 0yf, 
where denotes one or other of the sibiconjugates P U of the involution. But the 
condition in order that TtU+^U' may be a square is 

(ac-b\ ad-2bV+ca\ ctd—V*J\> t*Y'> 

and observing that the equation X:^ = U':— U implies xU+^U'=0 = a"(o?— 0y) 2 , it is 
obvious that the function 

must be to a factor prhs equal to (£—0$)*{x—6$)*. But we have identically 

{ac-V, ac , -2bb f +ca f , a f c ! -b }2 JV\ -Vf=-{(ab f ~a% ad-dc, Id-Vcjx, yj}\ 

and we thus see that (a?-— 6y\ {^~^uV) are the factors of the Jacobian. 

106. It has been already remarked that the Jacobian is harmonically related to each 
of the quadrics U, U 7 ; hence we see that the sibiconjugates p tj of the involution #, /3, 
a', j3' are a pair harmonically related to the pair #, (8, and also harmonically related to 
the pair a\ /3', and this properly might be taken as the definition for the sibiconjugates 
p n of an involution of four terms. And moreover, a, |3; a', ft being given, and p U 
being determined as the sibiconjugates of the involution, if a", ft f be a pair harmoni- 
cally related to P iP then the three pairs cc, |3 ; a', ft ; a f ', /3 ;/ will form an involution; 
or what is the same thing, any three pairs a, /3; a', /3 ? ; a", ft', each of them harmoni- 
cally related to a pair p JP will be an involution, and p U will be the sibiconjugates 
of the involution. 

107. In particular, if a, j3 be harmonically related to P IP then it is easy to see that 
p may be considered as harmonically related to P JP and in like manner IP U will 
be harmonically related to P n ; that is, the pairs p t ; iP {i and a, (3 will form an 
involution. This comes to saying that the equation 

= 



1 


26, , 


e 2 

1 


JL * 


24)1 5 


2 

II 


i, 


G5 + /3, 


6CJ3 
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is equivalent to the harmonic relation of the pairs a, |3; d n it ; and in fact the deter- 
minant is 

which proves the theorem in question. 

108. Before proceeding further, it is proper to consider the equation 

1, a, a', oca 1 =0, 

1, j3, f S ? 5 |3j3' 

i» y> r' 5 rr f 
l, x, y, ^ 

which expresses that the sets (a, /3, y, I) and (a', ]3', y', I 1 ) are homographic ; for although 
the homographic equation may be considered as belonging to the theory of the bipartite 
quadric (x — ccy) (x— a'y), yet the theory of involution cannot be completely discussed 
except in connexion with that of homography. If we write 

A =(j3-y )(«-&), B=(y-a)(j3-i), C =(a -f3)(y -&), 

A^dS'-y'Xa'-y), B'=(y'- a 'X/3 , -&'), C^-W-*), 

then we have 

A+B+C=0, 

A'+B'+a=0, 
and thence 

Ba-B'C=CA'--C / A==AB'-A'B ; 

and either of these expressions is in fact equal to the last-mentioned determinant, as 
may be easily verified. Hence, when the determinant vanishes, we have 

A i J3 1 0= A i jd '. \j . 

Any one of the three ratios A : B : C, for instance the "ratio B : C= 

(r-«)(<3->) 

(*-|S)(y-»)' 
is said to be the anharmonic ratio of the set (a, j3, y, §), and consequently the two sets 
(a, /3, y, X) and («', /3 f , y', e) f ) will be homographically related when the anharmonic ratios 
(that is, the corresponding anharmonic ratios) of the two sets are equal. 

If any one of the anharmonic ratios be equal to unity, then the four terms of the set 

T> 

taken in a proper manner in pairs, will be harmonics ; thus the equation ^ = 1 gives 

( r-")Q3-~s) 
(«-/3)(y-3) ' 

which is reducible to 

2aX+2/3y— (a+8Xi3+y)=0, 

which expresses that the pairs a, & and /3, y are harmonics. 

109. Now returning to the theory of involution (and for greater convenience taking 
a, a 1 Sec. instead of cc, (3 &c. to represent the terms of the same pair), the pairs &, «'; /3, /3 ? ; 
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y,y l \ S, V &e. will be in involution if each of the determinants formed with any three 
lines of the matrix 

1, 0+ft, /3/3', 

1? 7*4" 7'? 77'? 
1 5 j+y 5 &y 5 

&c. 
vanishes : but this being so, the determinant 

1, ft ft, /3ft 



77 



1, 7> /, 

1, S , % , 
which is equal to 

k, 1, a + a', oea' 

/3, 1, j3+/3' ? 0/3' 
7> 1> 7+y\ 77 f 

a, 1, &+y, »' 

will vanish, or the two sets (05, |3, y, J) and (a f , |3 f , 5/, S f ) will be homographic ; that is, if 
any number of pairs are in involution, then, considering four pairs and selecting in any 
manner a term out of each pair, these four terms and the other terms of the same four 
pairs form respectively two sets, the two sets so obtained will be homographic. 

110. In particular, if we have only three pairs a, a!; |3, /3'; 7, 7', then the sets a, /3, y, a' 
and a', j3', 7', a will be homographic ; in fact, the condition of homograph y is 



which may be written 



1, cc 



JL * 
JL * 

1. 



7 



a , 


cccc 


ft, 


ft3' 


7', 


yy' 


a, 


act! 



=0. 



a, 1, u-\-cc' 
P, 1, W 



7 



a 



1, 7-fV, 77' 
1, a+^5 aa ' 



0. 



or what is the same thing, 



cc . 

7 

a' — a. 



1, a-f-a\ ««' 

1, j3+ft, /3ft 

1, 7+7', 77' 
0,0 ,0 



0. 
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so that the first-mentioned relation is equivalent to 

(oc! — oc) 1, cc-\-oc\ ococ 1 = 0, 
1, j3+/3', 0/3' 

1 5 y+y\ yy } 

and the two sets give rise to an involution. The condition of homography as expressed 
by the equality of the anharmonic ratios may be written 



a — fi.y — tt! 



oc 



i ~.i 



&-1 



a 



or multiplying out, 

( a _^)( a _ / 3')( a '- y )(«'-y')-(«'-/3)(«'-/3')(«-y)( a '-7')=0, 
which is a form for the equation of involution of the three pairs. But this and the 

other transformations of the equation of involution is best obtained by a different 
method, as will be presently seen. 

111. Imagine now any number of pairs a, oc ; j3, /3 r ; y, y ! ; 8, l\ &c. in involution, 
and let #, y, z, w be the fourth harmonics of the same quantity X with respect to the 
pairs a, oc' ; /3, ]3' ; y, y' and &, &' respectively ; then the anharmonic ratios of the set 
($, y, z, w) will be independent of X, or what is the same thing, if x\ y\ z\ w 1 are the 
fourth harmonics of any other quantity X' with respect to the same four pairs, the sets 
(#, y, 2, w) and (V, y\ z\ w 1 ) will be homographic, or we shall have 

= 0. 



JL, 4k 


Jb ^ 






1, 


y» 


y. 


H 


1, 


# , 


2', 


££' 


™L. • 


w, 


w', 


Wl 



It will be sufficient to show this in the case where X is anything whatever, but X' has a 
determinate value, say X ! =zoo ; and since if all the terms &, a', &c. are diminished by the 
same quantity X the relations of involution and homography will not be affected, we 
may without loss of generality assume X=0, but in this case 

and the equation to be proved is 

=0, 



otot 

CK.~{-0C 



), OC -J- oc , 



&& 



1, ^, W, $3', 



1 



1 

X, 



r7 ' 



y + 7 
88' 



/> y+y f , yy f , 



which is obviously a consequence of the equations which express the involution of the 
four pairs. 
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A set homographic with a?, y 9 £, w, which are the fourth harmonics of any quantity 
whatever X with respect to the pairs in involution, ce, a! ; /3, j3' ; y, y' ; &, &', is said to be 
homographic with the four pairs, and we have thus the notion of a set of single quan- 
tities homographic with a set of pairs in involution. This very important theory is due 
to M. Chasles. 

112. Let r; s; t, be the anharmonic ratios of a set a, j3, y, i, and let r t ; s t ; t t be the 

anharmonic ratios (corresponding or not corresponding) of a set a p (3 n y p $ t . And 

1 1 j / / jj i i it a n in a a in m in tin in in jii 

suppose that r ; s ; t ; r ; s t ; t t ; r ; s ; t ; r t ; s t ; t t ; r ; s ; t ; r f ; s t ; t l9 

are the analogous quantities for three other pairs of sets ; then an equation such as 



-t r r. 

±, -5 ~5 



ss. 



=o, 



or as it is more conveniently written, 



ss , 

/ 7 


rs, , 


rs , 


i 


ss , 


1 1 

rs, , 


i / 

rs , 


i i 
iy*/y* 

I 


II II 

8 8, , 


// // 

rs, , 


ii ii 

rs , 


ii ii 
iv* /y* 

i 


III III 

s s , 


r s, , 


/// /// 

rs , 


in in 

iv* ry* 

i 







is a relation independent of the particular ratios r : s which have been chosen for the 
anharmonic ratios of the sets ; this is easily shown by means of the equations 

which connect the anharmonic ratios. The equation in fact expresses a certain relation 

between four sets (a, /3, y, $) and four other sets (a p /3 P y y , i,) ; a relation which may 

be termed the relation of the homography of the anharmonic ratios of four and four 

sets : the notion of this relation is also due to M. Chasles. 

113. The general relation 

1, a +j3 , a|3 

1, a' +/3', a'|3' 



UOU 







1, a"+j3", a"|3 

may be exhibited in a great variety of forms. In fact, if the determinant is denoted by 
T, then multiplying by this determinant the two sides of the identical equation 



we obtain 



uf 



v 4 



—u, 1 

— V, 1 



w\ 



•w 9 1 



=(u—v)(v—w)(w—u), 



T(u— v)(v — w)(w —u)= 
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3n 



(v— a )(v — 13 ), (w— u )(w— j3 ) 
(fl-a'^—p'), ( W _ a ')(^-j3') 
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If, for example, w=a, v=f3, then we have 

T(«-/3)=-(«- a ')(«-^')(/3-«")0-i3")+(/3-«')0-/3')(«-«"X«-/3")- 
And again, if u=cc, v—od^ w=a!\ then we have 

T = _( a _j3'O(«'-0)(a''-j3O + ^^ 

Or putting Y=0, the first equation gives 

(a - a!) (g - u") __{*- gO (g - g) 

and the second equation gives 

(«-p'>'-/3X«''-/^ 

which are both of them well-known forms. 

114. A corresponding transformation applies to the equation 

1, os, a', aa r =0. 
1, ft 0', 00' 

l> y> y'> yy' 
l, "&, y, »' 

which expresses the homography of two pairs. In fact, calling the determinant Y and 
representing by V the similar determinant 






W, — %', 



w 



/ 



v, 



— w, 



1 
1 
1 
1 



which, equated to zero, would express the homography of the sets (s, t, u, v) and 
(«', t',u',v'), we have 

v<F= (* -«)(«' -«'), (s-W-0')> (*-y)(a'-y'), (*-&)(«'-&') 
(t-*w-c<!), (t-(S)(t'-p>), (t - 7 )(t - 7 '), (t -w -V) 

(**—«)(«'-«'), (u-P)(u'-pi), (u-y)(u'-<y'), (u—V)(u'—V) 

(v-<*)(if-a!), (v-(3)(v'-(5'), (v- 7 )(v'~y'), ( v -ty(v'-l') 

which gives various forms of the equation of homography. In particular, if s = a, s' 
#=j3, £'=a', «=7, u'=V, v=i, v'=y, then 



£' 



V¥: 



■V) 



( K - r )(jB'-y), 

0- y )( a '-y), (0-*)(«' 

(/-«)(§'-«') (7-W -/3') 

(S-«)( y '- a ') (&_/3)( y '-/3') 

and the right-hand side breaks up into factors, which are equal to each other (whence 
also V='SE r ), and the equation ^F=0 takes the form 

(«- y )(P-S)(«'-S')O'-7')-(«-i5)(/3- y )(«'-y')(/3'-S')=0, 
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which is, in fact, one of the equations which express the equality of the anharmonic 
ratios of (ce, |3, y, I) and (a', j3', y', &'). 

115. In the case of a cubic, the expressions considered are — 



a) 

(2) 



< 



I ®> y)\ 



(3) 



(a, b, c, djx, y) 3 , 

(ac—b 2 , ad— bo, bd—c 2l ](x,y) 2 , 

-a 2 d + 3abc-2b 3 * 

—abd-\-2ac 2 —b 2 c, 

-\-acd—2b 2 d -\-b<f, 

+ad 2 —3bcd+2(f 

a 2 d 2 —%abcd-\-Aac s +41) 3 d—Wc 3 , 

where (1) is the cubic, (2) is the quadricovariant or Hessian, (3) is the cubicovariant, and 
(4) is the quartinvariant or discriminant. 
And where it is convenient to do so, I write 



(4) 



so that we have 



a) 

(2) 
(3) 
(4) 



H, 



<D 2 -DU 2 +4H 3 =0. 



116. The Hessian may be written under the form 

(ax-\-by)(cx-\-dy)—(bx-\-cy) 2 , 

(which, indeed, is the form under which qua Hessian it is originally given), and under 

the form 

y\ —yx, x* 

a, b , c 

b , c , d 

The cubicovariant may be written under the form 

{2(ac-b 2 )x+(ad— bc)y}(bx 2 +2cxy+dy 2 ) 
— {(ad—bc)x-\-2(bd—c 2 )y}(ax 2 +2bxy+cy 2 ), 

that is, as the Jacobian of the cubic and Hessian ; and under the form 

i(d a , B d , d c , ZJly, -xfn, 

that is, as the evectant of the discriminant. 

The discriminant, taken negatively, may be written under the form 

+ 4(oc _ b*)(bd - c 2 ) - (ad- be) 2 , 

that is, as the discriminant of the Hessian. 

3k2 
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117. We have 

(a, b, c, cCXJba? -\-2cwy + df \ —aw 2 —2b%y— cy 2 f= UO, 

which expresses that a transmutant of the cubic is the product of the cubic and the 
cubicovariant. The equation 

expresses that the second evectant of the discriminant is the square of the cubic. 
The equation 



d 2 , — Scd , —Sbd+W , —Sbc+2ad 

— Zed , -3c 2 +12M, —Zad—Uc, -3ew?+6» a 

— 35^+6^ 2 , — 3$^— 65c, — 35 2 +12$c, — 3$5 

— 35c — 12#d!, — 3$c+65 2 , 3^5 , a* 



,2 



27 D 



expresses that the determinant formed with the second differential coefficients of the 
discriminant gives the square of the discriminant. 

The covariants of the intermediate aU+|83> are as follows, viz.— 

118. For the Hessian, we have 

H(aU+/30>) = (l, 0, - D5>, /3) 2 H 

=(a 2 -|3 2 n)H; 
for the cubicovariant, 

6(«U+j3O)=(0, D, 0, - D 2 J*, /3) 3 U 

+(i, o, - □ , oy* 9 j3) 3 d> 

=(a 2 -/3 2 D )(<aO+/3 D U) ; 

and for the discriminant, 

S( a U+j30)=(l, 0, -2D, 0, a 2 5Ta, i3) 4 * 

= (a 2 ~-f3 2 a) 2 a, 

where on the left-hand sides I have, for greater distinctness, written H, &c. to denote 
the functional operation of taking the Hessian, &c. of the operand ajU+j30. 
In particular, if a=0, |3=1, 

HO=-D.H 

00=-D 2 .U 

5<I>= D 3 . 

119. Solution of a cubic equation. 

The question is to find a linear factor of the cubic 

(a, b, c, cQ>, y)\ 

and this can be at once effected by means of the relation 

2 -DU 2 =-4H 3 
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between the covariants. The equation in fact shows that each of the expressions 

i(<E>+lV D), $(®-Vy/n) 

is a perfect cube, and consequently that the cube root of each of these expressions is a 
linear function of (x, y). The expression 

is consequently a linear function of #, y, and it vanishes when U=0, that is, the expres- 
sion is a linear factor of the cubic. 

It may be noticed here that the cubic being a(x—ay)(x—fiy)(w—yy), then we may 
write 

v^i(0+U N /n)-v^i(«D-U x /a)=-i«(»-« , )(/3-y)(*-«y), 

where w is an imaginary cube root of unity : this will appear from the expressions which 
will be presently given for the covariants in terms of the roots. 

120. Canonical form of the cubic. 

The expressions %(®-\-\J\/n), \{Q>—\5\/u) are perfect cubes; and if we write 

i(<l>+U N /n)= N /nx 3 

i((J)_Uy"D) = - N /Dy 3 , 
then we have 

U=x 3 +y 3 , 

0= N /a(x 3 — y 3 ), 
and thence also 

H=— ^/nxy. 

121. When the cubic is expressed in terms of the roots, we have 

a~ l \J=(x-a.y)(x— fiy){x— yy) ; 
and then putting for shortness 

A=(f3-y)(x~ay), 
B=(y-oc)(w-l3y), 
C=(u-p)(x-yy), 

A+B+C=0, 



so that 



we have 

«- 2 H=— J§-(A 2 +B 2 +C 2 )=i(BC+CA+AB), 

a -0 = _ ^( B _C)(C- A)(A-B), 

«-*D = -■ ,fr(/3-y)*(y-*)*( a _/3)*. 

122. The covariants H, O are most simply expressed as above, but it may be proper 
to add the equations 
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a-m=-^{p- 7 nw- Ky y 



VJ 



J 



^a 2 +(3 2 + y a — (3y — <ycc — ccfi, 

—fr{ 6a/3y-~i37 2 -7a 2 -aj3 2 -i3V~y 2 a-a 2 /3, (x, yj 
j3y + y v + ^2 _ a2j 3 y _ p y u _ y * a p 

= — ^{(a+^/3+^VV+(i3y+^7a+a/ 2 aj3)y} {(#4"^ 2 )3+^y)^+03y+^V a 4' » a j3)y} 

(where ^ is an imaginary cube root of unity), 

«-»*= 7 V2(«-i3)(a-y) 8 (a?-/8y) 8 (a ? -- W ) 

r 2 (a 3 + /3 s + y 3 ) - 3 (/3y 2 + ya 2 + a/3 2 + /3 2 y + y 2 a + a 2 /3) + 1 2a/3y, 



< 



(^ «/) J 



- 2 (a 2 /3y + /3 2 ya + y 2 a/3) + 4 (|3 V + Y 2 * 2 + « 2 |3 2 ) - (/Sy 8 + y* 3 + *£ 3 + /3 3 y + y 3 * + a 3 /3), 

- 2 (a/3 V + /3y 2 a 2 + 7 a 2 /3 2 ) + 4 (a 3 /3y + /3 3 ya + y 3 a/3) - (/3 2 y 3 + y 2 a 3 + a 2 /3 3 + /3 3 y 2 + ^a 2 + a 3 /3 2 ) , 
L + 2 (/3 V -f y 3 a 3 + a 3 /3 3 ) - 3 (a/3 V + /3y 2 a 3 + ya 2 /3 3 -f a/3 3 y 2 + ^a 2 + ya 2 /3 3 ) + 1 2a 2 /3 2 y 2 

= {(2a-/3-y)# + (2/3y-ya-*%}{^ 

123. It may be observed that we have «" 6 DU 2 =- -^ A 2 B 2 C 2 , which, with the above 
values of H, O in terms of A, B, C and the equation A+B-f-C=0, verifies the equation 
O 2 — DU 2 +4H 3 =0, which connects the covariants. In fact, we have identically, 

(B-C) 2 (C-A) 2 (A-B) 2 = 
-4(A+B+C) 3 ABC+(A+B+C) 2 ^ 

-4(BC+CA+AB) 3 -27A 2 B 2 C 2 , 

by means of which the verification can be at once effected. 

124. If, as before, ca is an imaginary cube root of unity, then we may write 

27^" 3 = -(B-C)(C-A)(A-B) 

27a- 3 IX s /cT= 3(*-a, 2 )ABC, 
and these values give 

27tf- 3 i(0+U x /D)= {(a+a> 2 j3+a>y) a?+(/3y+»fy*+«aj3 )yf 

27a- 3 i(0— Ux/D") = {(*+a>j3 +^ 2 y>+(i3y+^y^ +* 2 a/3)#} 3 , 
and we thence obtain 

^(O+U ^F)-V^i(*-U ^D")=-i^-~o; 2 )(/3-y)(^-^), 

which agrees with a former result. 

125. The preceding formulse show without difficulty, that each factor of the cubi- 
covariant is the harmonic of a factor of the cubic with respect to the other two factors 
of the cubic ; and moreover, that the factors of the cubic and the cubicovariant form 
together an involution having for sibiconjugates the factors of the Hessian. In fact, the 
harmonic of #— ay with respect to {oc~fiy)(x—yy) is (2a— j3 — y)#+(2|3y— y&— ccfi)y, 
which is a factor of the cubicovariant ; the product of the pair of harmonic factors is 

(2a — 13— 7 y+2((3<y— a 2 )xy+(—2uP 7 +to 2 (3+c& 2 <y)y 2 ; 
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and multiplying this by (3— 7, and taking the sum of the analogous expressions, this 
sum vanishes, or the three pairs form an involution. That the Hessian gives the sibi- 
conjugates of the involution is most readily shown as follows : — the last-mentioned 
quadric may be written 

which is equal to 

(8|+3.) a »+2(3j-3|.)ay+(3j+3^y, 

or, throwing out the factor 3a" 1 , to 

(b-{-au, 2e—2bu, d^cdjjc, yf, 

which is harmonically related to the Hessian 

(ac — # 2 , ad — be, bd — <? 2 ^#, y) 2 ; 

and in like manner the other two pairs of factors will be also harmonically related to 
the Hessian. 

126. In the case of a pair of equal roots, we have 

a~ l TJ= (%—uy) 2 (ix:—yy); 

tfr 2 H= — jK»— y) 2 (x— ccy)\ 

a~*®= — -&((*— y)\x—uy)\ 
D = 0. 

And in the case of all the roots equal, we have 

ar l TJ = (x— ccyf, 

h=o, 0=0, n=o. 

127. In the solution of a biquadratic equation we have to consider the cubic equation 
w 3 — M(g7— 1) = 0. The cubic here is (1, 0, — M, M^jfsr, l) 3 , or what is the same thing, 

(1, 0, -pE,MX*r, I) 3 ; 
the Hessian is 

M(-i l,-iM^,l) 2 ; 
the cubicovariant is 

M(-l, |M, -£M, M+^M 2 ^, l) 3 ; 
and the discriminant is 

M 2 (l-^-M). 



128. In the case of a quartic, the expressions considered are — 

(a, b, 0, d, ejx, y)\ (1) 

ae-^d+Sc 2 , (2) 

{ac-b\ 2(ad—bc), ae+2bd-3(f, 2(be—cd), ce-d*J%, y)\ (3) 

ace+2bcd~ad 2 ~b 2 e—c 3 , (4) 
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(— a?d+ 2,abc- 2b\, 

— a 2 e — 2abd-\- 9a<f—6b 2 c, 

— 5abe -{-Wood— 10b 2 d, 
i +10ad 2 -10b 2 e, 

■j- 5ade-{-10bd 2 —lbbce, 

+ ae 2 + 2bde — 9<fe -}-6cd 2 , 

+ be* — 3cde+ 2d 3 



■{>> yf> 



(5) 



J 



where (1) is the quartic, (2) is the quadrinvariant, (3) is the quadricovariant or Hessian, 
(4) is the cubinvariant, and (5) is the cubicovariant. 
And where it is convenient to do so, I write 



(1) = 


u, 


(2) = 


I, 


(3) = 


H, 


(4) = 


J, 


(5) = 


O. 



The preceding covariants are connected by the equation 

JU 8 - IIPH + 4H 3 = - <D 2 . 

The discriminant is not an irreducible invariant, its value is 

□ =rp— 27P=aV+ &c, 
for which see Table No. 12. 

129. It is for some purposes convenient to arrange the expanded expression of the 
discriminant in powers of the middle coefficient c. We thus have 

□ = aV-12a 2 bde 2 -27a 2 d i -6ab 2 d 2 e-27b i e 2 -Ub 3 d 1 
+c(54:a 2 d 2 e+54:ab 2 e s +10$abd 3 +108b s de) 
+<?( -lSa 2 e 2 -lSOabde+ S6b 2 d 2 ) 
+c 3 (-54<wf-546V) 
+c 4 (81ae). 

130. Solution of a biquadratic equation. 

We have to find a linear factor of the quartic 

(a, b, c, d, eXpc, y)*. 

The equation JU 3 — IIPH+4H 3 =--<I> 2 , putting for shortness 

I 8 



M= 



4J 2 ' 



may be written 



(1, 0, -M, M£IH, JU) 3 = -IW 
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Hence, if w 15 nr 2 , w 3 are the roots of 

(1, 0, -M, M5>, 1) 3 =0, 
the expressions IH— -ot^JU, IH— rar 2 JU, IH— rar 3 JU are each of them squares; write 

(vr 2 — ro 3 )(IH — rar 1 JU)=X 2 , 

/ \ /TTT T"T"T\ rT2 

so that, identically, 

X -j- x -j-*Z( = ^ 

and consequently X+/Y, X— /Y are each of them squares. The expression 

#X-f-j3Y+yZ 
will be a square if only 

which may be seen by writing it under the form 

|(*+'j3)(X~/Y)+i(^^ 

and in particular, writing \/™ 2 — ^ 3 , \A» 3 — w 15 v / OTl — ^- 2 for a, j3, y, the expression 

(sr 2 — Zff 3 )\/IH — OT 1 JU + (w 3 ~^J^ v /lH----OT 2 JIJ+(t3' 1 — tu 2 )\/lH — ?«7 3 JU 

is a square ; and since the product of the different values is a multiple of U 3 (this is 
most readily perceived by observing that the expression vanishes for U=0), the expres- 
sion is the square of a linear factor of the quartic. 

131. To complete the solution: «r l? sr 2 , sr 3 are the roots of the cubic equation 

(1,0, -±M, MX^,1) 3 =0; 
and hence, putting for shortness, 

P 3 =p[{(-1, |M, -|M, M+-^M 2 XIH, JU) 3 +x/i-^M(l, 0, _p[, M^IH, JU) 3 , 
Q 3 = £M{(-1, f-M, -iM, M+^M 2 XIH, JU) s —v/l— ^M'(l, 0, -pi, MJIH, JU) 3 , 
we have (a; being an imaginary cube root of unity) 

^{a> — a; 2 ) (sr 2 — sr 3 )(IH — ^ JU) = P — Q. 

And if 

Q^iMf^l^^/l^^M}, 

£(* — A> 2 )(s7 2 — or 8 ) = P — Q . 

Hence, multiplying and observing that (a— &?)*= — 3, we find 
and consequently 

MDCCCLVIII. 3 O 
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We have, in like manner, 

^(«-^)( B r 8 -«r 1 )(IH-iir a JU)=« P-* 2 Q, 

\{co — oo 2 ){^ l — w 2 )(IH — w 2 JU) = a/T -— &Q, 



and 



and therefore 



-§-(a/ — a> 2 )(^ 2 — 3*3) =' Po — Qo> 
-J(# — <Jy 2 )(^ 3 — , & 1 )=C() P — &/ 2 Q 
■^(^ — a 2 ) (ra^ — sr 2 ) = a/ 2 P — aQt 



■05 

05 



(^ 2 ~^ 3 ) % /ih^ : 7u=(^-.^)a/~(p--q) (p -Qo) 5 

(ar 3 — zsrJy/TEL — sr 3 JU = (a> — u 2 )s/ — (o> 2 P -— 00Q) (^ 2 P -— <aQ ) ; 

and hence disregarding the common factor a— a 2 , the square of the linear factor of the 
quartic is 

which is the required solution. 
It may be proper to add that 

— ^1= P + Qo5 
13* 3 = ^ X -f-^ LJ » 

132. The solution gives at once the canonical form of the quartic; in fact, writing 

X + lY = 2\/ (tj7 2 — Tar 3 )(Tzr 3 — tztJ^/ Jx 2 , 

where X, Y have their former significations, we find, by a simple reduction, 

iH-tir 1 JU= (^ 3 ^ Wl )J(x 2 +y 2 ) 2 

IH~^ 2 JU=-K-^ 3 )J(x 2 ~y 2 ) 2 



m-^u=-^^ (g8 ' tgl) J,4xy. 



and thence putting 



we have 



OT i— OT 2 



— ^1 — ^2 (» 2 P — aQ o) 



r2 

? 



U=x 4 +y 4 +6feY 
which is the form required. 

133. The Hessian may be written under the form 

(d e , — 3 rf , B c , — 3 fi , d a 5>, y) 4 J, 

that is, as the evectant of the cubinvariant. 



MR. A. CAYLEY'S FIFTH MEMOIR UPON QIIANTICS. 449 

The cubicovariant may be obtained by writing the quartic under the form 

(ax+by, bx+cy, cx+dy, dx+eyjx^ yf 

and treating the linear functions as coefficients, or considering this as a cubic, the 
cubicovariant of the cubic gives the cubicovariant of the quartic. 
If we represent the cubicovariant by 

<E>=(a, b, c 5 d, e, f, g^a?, y)\ 
then we have identically, 

ag— 9ce+8d 2 =0; 

and moreover forming the quadrinvariant of the sextic, we find 

ag— 6bf+15ce— 10d 2 = J-D, 

where □ is the discriminant of the quartic. From these two equations we find 

bf— 4ce+3d 2 = — ^qD, 

which is an expression given by Mr. Salmon : it is the more remarkable as the left- 
hand side is the quadrinvariant of (b, c, d, e, £\x, ^) 4 , which is not a covariant of the 
quartic. It may be noticed also that we have 

af-3be+2cd=0 

bg-3cf+2de=0. 

134. The covariants of the intermediate 

aU+6j3H 

of the quartic and Hessian are as follows, viz. — 
The quadrinvariant is 

I(«U+6/3H)=(I, 18 J, 3I 2 5>, /3) 2 ; 
the cubinvariant is 

J(aU.+ 6/3H)=(J, I 2 , 9IJ, -P+64J*5>, /3) 3 ; 
the Hessian is 

H(aU+6/3H)=(l, 0, -3rja, f3) 2 H 

+(0, I, 9J£ a , £) 2 U; 
and the cubicovariant is 

0(«U+6 j SH)=(l, 0, -91, -54J5>, |3) s O; 

to which may be added the discriminant, which is 

D(aU+6(3H)=(l, 0, -181, 108J, 81I 2 , 972IJ, -2916J 2 5>, /3) 6 D. 

135. The expression for the lambdaic is 



a , b , 


c~ -2X 


= J+?J~-4>, 3 . 


b , o +^ 5 


d 




£--2x, d , 


e 





If the determinant is represented by A, that is if 

A=— 4X 3 +M+J, 

then if X 19 X 2 , X 3 are the roots of the equation A=0, and if the values of d a A, &c. obtained 
by writing X x in the place of X are represented by d«A 19 &c, then if x^ y satisfy the 

3 o 2 
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equation (a, #, c, d, eX&, ^) 4 =0? 

we have identically (X, Y being arbitrary), 

3 

(a, b, c, d, e$X, Yffa?, y) 
Xy—Ya; 

=V-(B« -3* B„ -a 4 , B.1X, Y)^ 

+\Z-(*« -3* B* -B„ d„JX, Y) 4 A 2 

+\/-@« -3* ^, -B» 3.XX, Y) 4 A 3 , 
a theorem due to Aronhold. I have quoted this theorem in its original form as an 
application of the lambdaic, but I remark that 

-(d., -B* B c , -3» a$X,Y)*A=-*(a, ...JX, Y)*-((w?-«», .-.^[X, Y) 4 =-XU'-H f 

if U', H' are what U 5 H become, substituting for (x, y) the new facients (X, Y). More- 
over, we have 

Jtsr . 






I 



for substituting this value in the equation A=0, we obtain the before-mentioned equa- 
tion vt 3 — M(sr— 1) = 0. We have, therefore, 

-(b e , -B„ B c , -B 4 , B B XX, Y)«A=^U'-H'=-j(lH'-J«rU') s 
and the equation becomes 

3 

(g, ft, g, ^ly i^ ^ ^/z^^/m'- _^ + ^_ 7 _ jCT -^j7 + y IH/ _ Jct3U ; 

Moreover, if (w—uy) be a factor of the quartic, then replacing in the formula y by the 
value ax, (#, y) will disappear altogether ; and then changing (X, Y) into (x, y) where 
#, y are now arbitrary, we have 

3 

(a, b, c, d,e\x, yja, l) ^^^^^—-^^^——— + ^______ 



, Qx 2 y 2 , 


— Aa?y . 


, X 4 


, 35 , 


3c . 


, d 


, 3c , 


d , 




, 3c , 


U , 


> e 


, 3d , 


e 





= 6IH-9JU; 



which is a form connected with the results in Nos. 130 and 131. 

136. We have 

y\ — 4xy 

a 
a , 3Z> 

b 

b , Be 

it will appear from the formulae relating to the roots of the quartic, that the expression 
6IH— ■ 9JU vanishes identically when there are two pairs of equal roots, or what is the 
same thing, when the quartic is a perfect square. The conditions in order that the 
expression may vanish are obviously 

Q(ac-b 2 ): 3(ad-bc): ae+2bd-3(?: 3(be-cd):Q(ce~d 2 ): 9J 
= a : b c : d : e : I, 
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conditions which imply that the several determinants 

6(ac— S 2 ), Sad— be, ae-\-2bd—3c 2 , 3(be—cd), 0>(ce—d 2 ) 

a , b , c ., d , # 

all of them vanish. If for a moment we write 6H=(a / , b\ c\ d l , d\oc, y) 4 , then the deter- 
minants are 

a!, b f , c\ d f , e' 

a, b, c, d, e 
we have identically 

ad! —d d-=S(b& —V c), 

eb ! ^e f b = 3(dc ! -d ! c), 

ae'-a'e^bd'-b'd), 

and the ten determinants thus reduce themselves to seven determinants only, these in 
fact being, to mere numerical factors pres, the coefficients of the cubicovariant ; this 
perfectly agrees with a subsequent result, viz. that the cubicovariant vanishes identi- 
cally when the quartic is a perfect square. 

137. It may be remarked that the equation 6IH — 9 JU = will be satisfied identically if 

a=—, e= — ,bd=(c-<p)(c+2<t>), 



c — <p c — <p 

where <p is arbitrary ; the quartic is in this case the square of 

b , d 



( ,/-—: ' \A— <?>■■ 



■X*. yf- 



V c — <p v r V c — <p 

If with the conditions in question we combine the equation 1=0 (which in this case 
implies also J=0), we obtain <p=0, and consequently 

abed 
b~~~ c d e 

or the quartic will be a complete fourth power. 

It is easy to express in terms of the coefficients a\ b\ c\ d f , e 1 of 6H the different 
determinants 

a, b, c, d 

b, c, d, e 



we have in fact 



3(bd-d>)=$(d— 7= y/aW+Wd'-Scf* 



^ ac—b 2 
ad— be 
be—cd 
^ce-~d 2 



— "6^5 

—Iff 

— 3° 5 

— lpl 
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whence all the above-mentioned determinants will vanish, or the quartic will be a per- 
fect fourth power if only the Hessian vanishes identically. 

138. Considering the quartic as expressed in terms of the roots, we have 

a~*ll=(x—uy)(x—fy)(a;-yy)(a;—ty) ; 

and if we write for shortness 

A = (j3 — y)(a — §), 

C=(«-0X7-*), 

which are connected by 

A+B+C=0, 
then we have 

«~ 2I =T4(A 2 +B 2 +C 3 )=-tL(BC+CA+AB), 

«- 3 J=4ia(B-CXC-A)(A-B) ; 
and for the discriminant we have 

_JL A 2T32p2 

— 2 5 6-^- -° ^ 5 

and it is easy by means of a preceding formula to verify the equation D =P — 2 7 J 2 . 

139. The formula show a very remarkable analogy between the covariants of a cubic 
and the invariants of a quartic. In fact — 



For the quartic. 
'A=(/3-y)(a-&), 

B = (y-«X0-*), 



For the cubic. 

A= =(^~ y)0~ ay), 

B = (y— a)(ar— /3y), 

And then we have corresponding to each other — 

For the cubic. 
The Hessian, 
The cubicovariant, 
The cubic into the square root of the discriminant. 

140. For the two covariants, we have 



For the quartic. 
The quadrinvariant, 
The cubinvariant, 
The discriminant. 



and 



if for shortness, 

2l=(&+a--j3— -y, 
§S = (&+/3-y- a , 

C=(&+y--# — /3, 
141. We have 






2 7 



•S#+/3y, §a(/3+y) — ^y^H-cOX^ 7 ? yf^ 
S/3+yof, §/3(y +a)— y«(H/3)X^ 5 y)\ 
■Sy+a/3, <5y(a+j3)— -aj3(§+y)X^> #) 2 - 

(A2 + B 2 + C 2 ) 3 



8 (B-C) 2 (C-A) 2 (A-B) 2? 
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or putting for shortness 



A — 2 (B-C)(C-A)(A-B)' 



we have 

M=f(A 2 +B 2 +C 2 )A 2 ; 

and it is then easy to deduce 

ar^AfB-C) 

sr 2 =A(C-A) 

sr 3 =A(A--B); 
in fact, these values give 

^1^2 I ^1^*3 "*f" ^"2^3 —" -"*- 

m^w^w^ = M., 

and they are consequently the roots of the equation ar 3 — M(sr— 1)=0. 

142. The leading coefficient of IH— a^JU is then equal to a 4 into the following 

expression, viz. 

^-(A 2 +B 2 +C 2 K 2 (a^S 2 )^^(A 2 +B 2 +C 2 )(B~.C), 

which is equal to 

TO-2(A 2 +B 2 +C 2 ){48^- 2 (a(?--6 2 )--4(B^C)}, 
and the term in { } is 

8(aj3+ay+aS-(-j3y+(3§+y^) — 3(&+|3-f-y+^) 2 — 4(y — ot)(£Z — S)+4(a— i3)(y — §), 

which is equal to 

— 3(h-{-a — ]3 — y) 2 . 

But IH — srjJU is a square, and it is easy to complete ,the expression, and we have 

«- 4 (IH~t;T 1 JU)=^^ ¥ (A 3 +B 2 +C 2 ){(§+^--(3--y, — & a +/3y, M/3+y)-/3y(&+«))>, y) a } 2 , 
^"XIH^^U)==-3i4(A 2 +B 2 + C 2 ){(§+^--y~a, -&|3+ya, &j3(y + a)-ya(&+|3)Xff, ^) 2 } 2 , 
^- 4 (IH-^ 3 JU)==-3i4(A 2 +B 2 +C 2 ){(S+y^ a ^ i 3, _§y+ a j3, Ma+W-^r+^X^) 3 } 3 . 
We have, moreover, 

BT 2 ST 3 = 3AA, 

w 3 — vt 1 = — SAB, 



Xff Iff 



2 



SAC, 



and thence 

/ A 2 -fB 2 + C 2 

a~%m 2 — w 8 >/IH - ^ JU =!(* — ^ 2 ) (B _ C)(C _ A)(A _ B) (/3 — y)(a — &) 

X (i+a— /3 — y, — &a+/3y, § a (/3+y)-j3y(S + a)I^ yf> 
And taking the sum of the analogous expressions, we find 

&~ 2 { fas — ®"s) \/lH — ^ JU + (^ 3 — w J \/lH — sr 2 JU +(^i— ^x/lH—^JU} 

=-^"^ (B 4(c-AKA-B/ a -W-yXy-^-W 

which agrees with a former result. 
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143. The equation 1=0 gives 

where a is an imaginary cube root of unity ; the factors of the quartic may be said in 
this case to be Symmetric Harmonics. 

The equation J=0 gives one of the three equations, 

A=B 5 B=C 5 C=A; 
in this case a pair of factors of the quartic are harmonics with respect to the other pair 
of factors. If we have simultaneously 1=0, J=0, then 

and in this case three of the factors of the quartic are equal. 

144. If any two of the linear factors of the quartic are considered as forming, with 
the other two linear factors, an involution, the sibiconjugates of the involution make up 
a quadratic factor of the cubico variant ; and considering the three pairs of sibiconju- 
gates, or what is the same thing, the six linear factors of the cubicovariant, the factors 
of a pair are the sibiconjugates of the involution formed by the other two pairs of 
factors. 

In fact, the sibiconjugates of the involution formed by the equations 

(x— ocy){oc— ly) = 0, {x— @y)(%— yy) = 
are found by means of the Jacobian of these two functions, viz. of the quadrics 

(2, — * §— a, 2&«x#5 yf 

(2, -/3-y, 2/3yX^,y) 2 , 
which is 

(§-+-^ — /3 — q/, — fca+j8y, c$&(/3+y)— |3y(&+a)3£r, y) 2 , 

viz. a quadratic factor of the cubicovariant ; and forming the other two factors, there is 
no difficulty in seeing that any one of these is the Jacobian of the other two, 

145. In the case of a pair of equal roots, we have 

a~ 1 U = (%—cty) 2 (x—<yy)(w—?)y), 
a~ 2 l = i- 2 -(a— y) 2 (^— £) 2 9 

□ = o, 

6T 2 H=-^ 8 -{2(*-y) 2 ^ 

a- 3 0>= ^(y-^a-y-fc, r&-a a > ya 2 +^ 2 -2yaSX^ yY{®-ay)\ 
In the case of two pairs of equal roots, we have 

^~ 1 U= (#— ciy) 2 (%— yyf, 

a ~*i= ~M*-y)\ 

□ = 

o-»H= —h{K- 7 y(x-Ky) 2 (x- 7 y)\ 
<I>= 0; 
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these values give also 

6IH-9JU=0. 

146. In the case of three equal roots, we have 

a~ } V=(w— uyf{x— ly), 

I =0, J=0, D=0, 

a- 3 $>= ^(a—l) 3 (x—ciyy; 

and in the case of four equal roots, we have 

^~ 1 U=(^— ccyf, 

I =0, J=0, D=0, 

H=0, 0=0. 

The preceding formulae, for the case of equal roots, agree with the results obtained in 
my memoir on the conditions for the existence of given systems of equalities between 
the roots of an equation. 



Addition, 7th October, 1858. 

Covariant and other Tables (binary quadrics Nos. 25 bis, 29 a, 49 a, and 50 bis). 

Mr. Salmon has pointed out to me, that in the Table No. 25 of the simplest octinva- 
riant of a binary quintic*, the coefficients —210, —17, +18 and +38 are erroneous, 
and has communicated to me the corrected values, which I have since verified: the 
terms, with the corrected values of the coefficients, are — 



No. 25 bis. 



-220 abc 2 d 2 ef 



bJ}2 



21 ac h f 



+ 22 b 4 d 2 f 



+ 74 bc d d*e 



Mr. Salmon has also performed the laborious calculation of Hermites' 18-thic invariant 

of a binary quintic, and has kindly permitted me to publish the result, which is given 

in the following Table : — 

No. 29 a. 



+ 1 a 7 d 5 / 6 

- 5 a 7 d 4 e 2 / 5 
+ 10 a 7 d s e 4 / 4 
-10 «W/ 3 
+ 5 a 7 de 8 / 2 

- 1 a 7 e 10 f 
-15 a 6 bcd 4 / 6 



+ 60 
-90 
+ 60 
-15 
+ 10 
— 35 
+ 40 



a%cd?e 2 f 

a 6 bcd 2 e 4 / 4 

a 6 bcdef* 

a'bce 8 / 2 

a 6 bd°ef 5 

a 6 bd 4 e 3 / 4 

a 6 bd*e 5 / 3 



-10 
-10 

+ 5 


a'bcfe 7 / 2 

a 6 bde 9 f 

a 6 be 11 


— 1 
+ 15 

— 10 


a 6 c 5 / 7 
a 6 c 4 def 6 

a 6 c 4 e 3 / 5 


-90 


a 6 c*d 2 e 2 / 5 



+ 120 

- 40 
+ 60 
+ 30 
-180 
+ 120 

- 20 



a 6 c s de 4 / 4 

a 6 c*e 6 / 3 

a 6 c 2 d 4 ef 5 

a«c 2 d 3 e 3 f 4 

a 6 c 2 (Pe 5 f s 

a 6 c 2 de 7 / 2 

a 6 c 2 e 9 f 



— 15 

— 110 
+ 265 
-200 
+ 65 

— 10 
+ 45 



a 6 cd 6 / 5 

a 6 cd 5 e 2 / 4 

a 6 cd 4 e 4 / 3 

a*cd*e*f 

a 6 cd 2 e 8 f 

a 6 cde 10 

a*d 7 ef 4 



* Second Memoir, Philosophical Transactions, t. cxlvi. (1856) p. 125. 
MDCCCLVIII. 3 P 
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No. 29 a (continued). 







a b c 3 d 3 e>f 2 










- 100 «w/ 3 


- 980 


+ 


2310 a 4 b 2 cd 3 e 4 / 2 


+ 


10 a 3 b & c 2 / 7 


+ 81 a°d 5 e b f 2 


+ 1320 


a b c 3 d 2 e 7 f 


+ 


1795 a 4 b 2 cd 4 ej 


— 


60 a 3 b 6 cdef 6 


- 30 a'dVf 


- 260 


a b c 3 de 9 


— 


1800 a 4 b 2 c(Pe 8 


+ 


40 a 3 b 6 ce 3 / 5 


+ 5 a*d 3 e 9 


+ 60 


dc 2 d 7 / 4 


+ 


240 a 4 b 2 d 8 ef 3 


+ 


40 a 3 b Q d 3 f Q 


+ 10 a b b 3 d 4 f 


- 500 


a b c 2 d?e 2 / 3 


+ 


30 a 4 b 2 d 7 e 3 / 2 


— 


30 a 3 b 6 d 2 e 2 / 5 


- 40 a b b 3 d 3 e 2 f b 


+ 2235 


d°c 2 d b e 4 f 


— 


870 a 4 b 2 d 6 e 5 f 


— 


40 a d b*c 3 ef 6 


+ 60 a 5 b 3 d 2 e 4 / 4 


-1995 


a B c 2 d 4 e«f 


+ 


615 a 4 bVe 7 


+ 


180 a 3 b h c 2 d 2 f 


- 40 a b b 3 de e f 3 


+ 370 


a b c 2 d 3 e 8 


— 


45 a 4 bc 7 f 


— 


360 a d b 5 c 2 de 2 f B 


+ 10 a 5 6 3 e 8 / 2 


+ 360 


a b cd 8 ef 3 


— 


310 a 4 bc 6 def 5 


+ 


240 a 3 b h c 2 e 4 f 4 


+ 5 «W/ 7 


— 1320 


a 5 cd 7 e 3 / 2 


+ 


685 a 4 bc % e 3 f 4 


+ 


360 a 3 b f >cd 3 ef 5 


- 60 a 5 b 2 c 3 def 6 


+ 1110 


a s cd 6 e b f 


+ 


120 a 4 b&d 3 f 


— 


360 a 3 b b cd 2 e 3 f 4 


+ 40 a*bWf* 


- 210 


a b cd 5 e 7 


+ 


1965 a 4 bc b d 2 e 2 / 4 


— 


196 a 3 b b d b f° 


+ 90 a b b 2 c 2 d 3 / 6 


— 81 


a b d 10 / 3 


— 


2210 a 4 bc b de 4 f 3 


— 


660 a 3 b 5 d 4 e 2 / 4 


- 90 a b b 2 c 2 de 4 / 4 


+ 270 


a 5 d 9 e 2 / 2 


— 


960 a 4 bc b e e f 2 


+ 


1840 a 3 b 5 d 3 e 4 / 3 


+ 30 a b b 2 c 2 e 6 / 3 


- 225 


a b d 8 e 4 f 


— ] 


11700 a 4 bc 4 d 3 e 3 f 3 


— 


1040 a 3 b b d 2 e 6 / 2 


- 210 a b b 2 cd 4 ef b 


+ 45 


a b d 7 e 6 


+ 15435 a 4 bc 4 d 2 e b f 2 


— 


180 a 3 b b de 8 f 


+ 120 a b b 2 cd 3 e 3 / 4 


- 10 


a 4 b 4 c 3 f 


— 


2760 a 4 bc 4 de 7 f 


+ 


216 a 3 b b e lQ 


+ 360 a b b 2 cd 2 e b f 3 


+ 90 


a 4 b 4 c 2 def 


+ 


555 a 4 bc 4 e 9 


— 


265 a 3 b 4 c 4 df 6 


- 420 a b b 2 cde 7 / 2 


- 60 


a 4 b 4 c 2 e 3 f 


— 


780 a 4 bc 3 d«f 4 


+ 


315 a 3 b 4 c 4 e 2 / 5 


+ 130 « 5 6 2 c<? 9 / 


— 120 


a 4 b 4 cd 3 / 6 


+] 


L4040 a 4 bc 3 d b e 2 / 3 


+ 


180 a 3 b 4 c 3 d 2 ef 


- 5 crW/ 5 


+ 90 


a 4 b 4 cd 2 e 2 / 5 


— i 


10625 a 4 bc 3 d 4 e 4 f 2 


+ 


1700 a 3 b 4 c 3 de 3 f 4 


+ 195 a b b 2 d b e 2 / 4 


+ 110 


a 4 b 4 d 4 ef b 


— 


3220 a 4 bc 3 d 3 e h f 


— 


1840 a 3 b 4 c 3 e 5 / 3 


-315 a b b 2 d 4 e 4 f 3 


- 50 


a 4 b 4 d 3 e 3 f 4 


— 


570 a 4 bc 3 d 2 e 8 


— 


615 d% 4 c 2 d 4 f 


+ 40 a b b 2 d 3 e 6 / 2 


— 240 


a 4 b 4 d 2 Sf 3 


— 


5840 a 4 bc 2 d 7 ef 3 


— 


1350 a 3 b 4 c 2 d 3 e 2 / 4 


+ 165 a b b 2 d 2 e 8 f 


+ 280 


a 4 b 4 de 7 f 2 


— 


540 a 4 bc 2 d 6 e 3 / 2 


+ 


1560 a 3 b 4 c 2 de e f 2 


- 75 a 6 &W° 


- 90 


a 4 b 4 e 9 f 


+ 


5550 a 4 bc 2 d b e b f 


+ 


135 a We 8 / 


— 10 a b bc b ef 6 


+ 35 


a 4 b 3 c 4 ef 6 


+ 


1285 a 4 bc 2 d 4 e 7 


+ 


2210 a 3 b 4 cd 5 ef 4 


- 60 a h bc 4 d 2 f 


— 30 


a 4 b 3 c 3 d?f 


4- 


990 a 4 bcd 9 / 3 


— 


4100 a 3 b 4 cd 4 e 3 / 3 


+ 210 d>bc 4 de 2 f b 


— 120 


a 4 b 3 c 3 de 2 f 


+ 


3150 a 4 bcd 8 e 2 / 2 


+ 


6000 d d b 4 cd 3 e b f 2 


- 110 a b bc 4 e 4 / 4 


+ 50 


a 4 b 3 c 3 e 4 / 4 


— 


3600 a 4 bcd 7 e 4 f 


— 


4880 a 3 b 4 cd 2 e 7 f 


+ 60 a b bc 3 d 2 e 3 / 4 


- 60 


a 4 b 3 c 2 d 3 ef 5 


— 


615 a 4 bcd 6 e e 


+ 


990 a 3 6We <J 


- 360 a b bc 3 de 5 / 3 


+ 360 


db 3 c 2 de b f 3 


— 


945 a 4 bd w ef 2 


. — 


25 fl 3 ^¥/ 4 


4-240 dbc 3 e 7 / 2 


- 210 


a 4 b 3 c 2 e 7 f 2 


+ 


900 a 4 bd?e 3 f 


+ 


3710 a 3 b 4 d 6 e 2 f 3 


+ 30 a b bc 2 d b f b 


+ 270 


a 4 b 3 cdff 


+ 


45 a 4 bd 8 e 5 


__" 


10755 a 3 b 4 d 5 e 4 / 2 


- 210 a b bc 2 d 4 e 2 / 4 


+ 575 


a 4 b 3 cd 4 e 2 / 4 


+ 


180 a 4 c 8 ef b 


+ 


9875 a 3 b 4 d 4 e 6 f 


— 180 a b bc 2 d 3 e 4 / 3 


-1700 


a 4 b 3 cd l e 4 f 


— 


60 a 4 c 7 d 2 f 


— 


2845 ^"W 


+ 1140 a b bc 2 d 2 e % f 2 


+ 480 


a 4 b 3 cd 2 Sf 


— 


1420 a 4 c 7 de 2 / 4 


+ 


100 oW/ 6 


- 870 a B bc 2 de 8 f 


+ 670 


a 4 b 3 cde 8 f 


+ 


25 a 4 c 7 e 4 f 


-f 


240 a 3 b 3 &def 


+ 130 a 6 acV° 


— 315 


a 4 b 3 ce 10 


+ 


780 a 4 c 6 d 3 ef 4 


— 


540 a 3 b 3 &e 3 f 4 


+ 310 dbcd'ef 4 


- 685 


a 4 b 3 d 6 ef 4 


+ 


5760 a 4 c«d 2 e 3 f 3 


+ 


220 a 3 b 3 c 4 d 3 / 5 


- 240 dbcd'e 3 / 3 


+ 540 


a 4 b 3 d b e 3 f 3 


— 


2945 a 4 c 6 de 5 / 2 


— 


6000 a 3 b 3 c 4 d 2 e 2 / 4 


- 390 a b bcd 4 e b f 2 


+ 1515 


a 4 b 3 d 4 e b f 2 


+ 


1390 a 4 c"e 7 f 


+ 


4100 a 3 b 3 c 4 de 4 / 3 


+ 280 a b bcd 3 e 7 f 


— 2080 


a 4 b 3 d 3 e 7 f 


— — 


7020 a 4 c b d 4 e 2 f 


+ 


1340 a d b 3 c 4 e 6 / 2 


+ 30 0'WV 


+ 705 


a 4 b 3 d 2 e 9 


— 


180 a 4 c 5 d 3 e 4 / 2 


+ 11700 a 3 b 3 c 3 d 4 ef 4 


- 180 « 6 6dy 4 


+ 110 


a 4 b 2 c b df 


— 


1275 a 4 c b d 2 Sf 


— 


15240 a 3 b 3 c 3 d 2 e 5 / 2 


+ 300 a'bcfe 2 / 3 


- 195 


a 4 b 2 c 5 e 2 / 5 


— 


1110 a 4 c"de 8 


+ 


6960 a 3 b 3 c 3 de 7 f 


— 120 a b bd 6 e 4 / 2 


+ 210 


a 4 b 2 c 4 d 2 ef 5 


+ 


3120 a 4 c 4 d 6 ef 3 


— 


1620 ^rWe 9 * 


+ 30 tfbcPJf 


- 575 


a 4 b 2 c 4 de 3 f 4 


+ 


3900 a 4 c 4 d b e 3 / 2 


, — 


5760 a 3 b 3 c 2 d 6 / 4 


- 30 a 5 6dV 


+ 660 


a 4 b 2 c 4 e 5 / 3 


+ 


1240 a 4 c 4 d 4 e 5 f 


— 


16120 a 3 b 3 c 2 d h e 2 f 3 


+ 15 aV 5 ^ 6 


— 225 


a 4 b 2 c 3 d 4 f 


+ 


3155 «*cW 


+ 26700 a 3 b 3 c 2 d 4 e 4 / 2 


+ 5 «W/ 5 


+ 1350 


a 4 b 2 c 3 d 2 e 4 f 3 


— 


515 «W/ 3 


— 


5240 a 3 b 3 c 2 d 3 e«f 


- 30 a 5 c 5 d 2 ef 5 


— 1440 


a 4 b 2 c 3 de 6 / 2 


— 


2920 a 4 c 3 d 7 e 2 f 2 


— 


1640 a 3 b 3 c 2 d 2 e 8 


- 270 a 5 c 5 de 3 / 4 


- 75 


a 4 b 2 c 3 e 8 f 


— 


940 a 4 c 3 d 6 e 4 f 


+ 


6560 a 3 b 3 cd 7 ef 3 


+ 196 aW/ 3 


-1965 


a 4 b 2 c 2 d»ef 4 


— 


4300 aW 5 e 6 


+ 


7240 a 3 b 3 cd 6 e 3 / 2 


+ 225 a h c 4 d 3 e 2 / 4 


+ 6000 


a 4 b 2 c 2 d 4 e 3 / 3 


+ 


675 a 4 c 2 d 9 ef 2 


___ 


24240 a 3 b 3 cd«e b f 


+ 615 a 5 c 4 d 2 e 4 / 3 


-7050 


a 4 b 2 c 2 d 3 e b f 2 


+ 


510 a 4 c 2 d 8 e 3 f 


+ 11420 a 3 b*cd 4 e 7 


- 660 a b c 4 de 6 / 2 


+ 3000 


a 4 b 2 c 2 d 2 e 7 f 


+ 


2940 a 4 cW 


— 


980 aW 9 / 3 


+ 45 flW/ 


+ 265 


a 4 b 2 c 2 de 9 


— 


135 a 4 cd l0 e 2 f 


— 


3420 a 3 b 3 d 8 e 2 / 2 


- 120 aWe/ 4 


+ 1420 


a 4 b 2 cd 7 / 4 


— 


990 «e 4 


+ 


8100 a 3 b 3 d 7 e 4 f 


— 220 a b c 3 d 4 e 3 f 

*.. ... 


-3810 


a 4 b 2 cd 6 e 2 / 3 




135 a 4 ^V 


> 


3880 <z 3 ra 6 <? 6 
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No. 29 a (continued). 



+ 



- 300 
+ 500 
+ 3810 

- 3710 

- 14040 
+ 16120 

- 540 
+ 600 

+ 7020 

- 1950 
-17670 
+ 4170 

+ 480 
—31040 
+ 45180 

- 3160 

- 140 
+ 18000 
-12180 
-13430 

- 7200 

- 120 
9960 
1890 

540 
1710 
360 
240 
5840 
6560 
8460 

- 3120 

- 480 
-25880 

- 1820 

- 3620 
+ 49680 
+ 17520 
+ 13500 

- 120 
-32280 
-46880 
-30040 
+ 12860 
+ 32000 
+ 46160 

- 2700 

- 8820 

- 34620 
+ 1080 
+ 12060 

- 1620 
81 



+ 



+ 



+ 






990 
980 
515 
140 
195 
5575 
120 



tfbVef* 

a 3 b 2 c 6 d 2 / 5 

a 3 b 2 c 6 de 2 / 4 

a 3 b 2 c G e 4 / 3 

a 3 b 2 c B d 3 ef 4 

a 3 b 2 c 5 d 2 e 3 / 3 

a 3 b 2 c s de b f 2 

tfbWf 

a 3 b 2 c 4 d 5 / 4 

a 3 b 2 c 4 d 3 e 4 / 2 

a 3 b 2 c 4 d 2 e 6 f 

a 3 b 2 c 4 de 8 

a*bVd*ef* 

a 3 b 2 c 3 d 5 e 3 / 2 

a 3 b 2 c 3 d 4 e 5 f 

a 3 b 2 c 3 d 3 e 7 

a 3 b 2 c 2 d 8 / 3 

a 3 b 2 c 2 d 7 e 2 f 2 

a 3 W<?d % e 4 f 

a 3 b 2 c 2 d 5 e 6 

a 3 b 2 cd 9 ef 2 

a 3 b 2 cd 8 e 3 f 

a 3 b 2 cd 7 e 5 

a 3 b 2 d 11 / 2 

a 3 b 2 d m e 2 f 

a 3 b 2 d 9 e 4 

a 3 bc 8 df B 

a 3 bc 8 e 2 / 4 

a 3 bc 7 d 2 ef 4 

a 3 bc 7 de 3 j 3 

a 3 bc 7 e b f 2 

a 3 bc 5 d 4 / 4 

a 3 bc 6 d 3 e 2 / 3 

a 3 bc 6 d 2 e 4 / 2 

a 3 bc 6 deY : 

a 3 bc 6 e 8 

a 3 bc 5 d 4 e 3 / 2 

a 3 bc 5 d 3 e 5 f 

a 3 be 5 d 2 e 7 

a 3 bc 4 d 7 / 3 

a 3 bc 4 d d e 2 / 2 

a 3 bc 4 d 5 e 4 f 

a 3 bc 4 d 4 e 6 

a 3 bc 3 d 8 ef 2 

a 3 bc 3 d 7 e 3 f 

a 3 bc 3 d 6 e & 

a 3 bc 2 d 10 f 2 

a 3 bc 2 d 9 e 2 f 

a 3 bc 2 d 8 e 4 

a 3 bcd u ef 

a 3 bcd l0 e 3 

a 3 bd l2 e 2 

a 3 c l0 f B 

a 3 c 9 def 4 

a 3 c 9 e 3 f 3 

a 3 c 8 d 3 / 4 

a 3 c 8 d 2 e 2 / 3 

a 3 c 8 de 4 f 2 

a 3 c 8 e 6 f 

a 3 c 7 d 4 ef 3 



+ 



+ 



+ 



- 800 
+ 22600 
+ 7240 

- 1260 
-42330 

- 34340 
+ 480 
+ 48360 
+ 73828 
+ 105 
-30265 
-92290 
+ 9540 
+ 69220 

- 1215 
-30510 
+ 7290 

- 729 

5 

15 
10 
10 
120 
420 
280 
240 
210 
200 
40 
1140 
480 
1040 
660 
1440 
1560 
960 
1340 
2440 
4320 
1620 
81 
390 
1 1 o 
980 
7050 
6000 
2440 
-15435 
+ 15240 

- 6480 
1215 
2945 

540 

795 

4180 

4185 

- 8460 
+ 20390 
-16194 
+ 3765 



a 3 c 7 d 3 e 3 / 2 

a 3 c 7 d 2 e > f 

a 3 c 7 de 7 

a 3 c G d 5 e 2 / 2 

a 3 c 6 d 4 e 4 f 

a 3 c 6 d 3 e 6 

a 3 c b d 7 ef 2 

a 3 c 5 d 6 e 3 f 

a 3 c b d b e b 

a 3 c 4 d 9 / 2 

a 3 c 4 d 8 e 2 f 

a 3 c 4 d 7 e 4 

a 3 c 3 d 10 ef 

a 3 c 3 d 9 e s 



a 3 c 2 d lls 
a 3 cd lv e 



« w 1m w 



+ 



■■■Im t 



■ ■ L -W 



+ 
+ 






a re ra If 

18, 

a 3 d Vo 

a 2 b 8 cf 

a 2 b 8 def 6 

a 2 b 8 e 3 f b 

a 2 b 7 & 2 ef 6 

a 2 b 7 cd 2 f\ 

a 2 b 7 cde 2 / 5 

a 2 b 7 ce 4 / 4 

a 2 b 7 d 3 ef 

a 2 b 7 d 2 e 3 / 4 

a 2 b 6 c 3 df Q 

a 2 b Q c 3 e 2 f b 

a 2 b B c 2 d 2 ef s 

a 2 ¥c 2 de'f 4 

a 2 b G c 2 e B t f 3 

a 2 b 6 cd 4 / 5 

a 2 b Q cd 3 e 2 f 4 

d 2 Wcd 2 e 4 f 

a 2 b 6 d 5 ef 4 

a 2 b 5 d 4 e 3 / 3 

a*b*d*(?j* 

a 2 b Q d 2 e 7 f 

a 2 b B de 9 

a 2 b 5 c 5 f c > 

a 2 b s c 4 def & 

a 2 b b e 4 e 3 f 4 

'a 2 b*<?d*f* 

a 2 b 5 c 3 d 2 e 2 / 4 

a 2 b b c 3 de 4 / 3 

aWe 6 / 2 

a 2 b"c 2 d 4 ef 4 

a 2 b 5 c 2 d 3 e 3 / 3 

a 2 b 5 c 2 de 7 f 

a*bW * 

a 2 b b cdj 4 

a 2 b b cd h e 2 f 3 

a 2 b 5 cd 4 e 4 f 2 

a 2 b b cd 3 e*f 

a 2 b 5 cd e 8 

a 2 b b d 7 ef 3 

a 2 b b d"e 3 / 2 

a 2 b 5 d b e"f 

a 2 b b d 4 e J 



+ 


120 


— 


2235 


— 


2310 


_j_ 


10755 


+ 


10625 


, — 


26700 


+ 


795 


— 


10070 


+ 


180 


_j_ 


1950 


4_ 


36510 


— i—* 


25880 


— 


32370 


— 


12180 


— . 


9850 


+ 


195 


— 


43800 


_l_ 


72755 


— 


18750 


+ 


14115 


™ 


23790 


+ 


8175 


+ 


1320 


— . 


30 


+ 


540 


— 


7240 


— 


20390 


, — 


3900 


+ 


31040 


4. 


32370 


+ 


38820 


+ 


9310 


— 


49680 


- — 


91260 


— 


50550 


+ 


800 


+ 


81840 


+ 


360 


,-i- _ 


101450 


— , 


8220 


— 


58080 


— 


34300 


— 


7590 


+ 


41640 


— 


4650 


— 


5580 


+ 


I98O 


— 


270 


— 


3150 


4. 


3420 


+ 


2920 


, — 


18000 


+ 


43800 


_j_ 


5030 


+ 


32280 


— - 


81840 


— 


85800 


. — 


28710 


4- 


1260 



+ 181980 



a 2 b 4 c 6 ef 5 

a 2 b 4 c 5 d 2 f b 

a 2 b 4 c b de 2 / 4 

a 2 b 4 c b e 4 / 3 

a 2 b 4 c 4 d 3 ef 4 

a 2 b 4 c 4 d 2 e 3 / 3 

a 2 b 4 c 4 de 5 / 2 

a 2 b 4 c 4 e 7 f 

a 2 b 4 c 3 d b f 4 

a 2 b 4 c 3 d 4 e 2 / 3 

a 2 b 4 c 3 d 2 e 6 f 

a 2 b 4 c 2 d 6 ef 3 

a 2 b 4 c 2 d b e 3 / 2 

a 2 b 4 c 2 d 4 e b f 

d 2 b 4 c 2 d 3 e 7 

a 2 b 4 cd 8 / 3 

a 2 b 4 cd 7 e 2 f 2 

a 2 b 4 cd 3 e 4 f 

a 2 b 4 cd b e° 

a 2 b 4 d 9 ef 2 

a 2 b 4 d 8 e 3 f 

a 2 b 4 d 7 e b 

a 2 b 8 c 7 df 5 

a 2 b 3 c 7 e 2 / 4 

a 2 Pc 6 d 2 ef 4 

a 2 b 3 c & d/f 3 

a 2 b 3 c*e*f 2 

a 2 b 3 c b d 4 / 4 

d 2 b 3 c 5 d 3 e 2 / 3 

a 2 b 3 c b d 2 e 4 / 2 

a 2 b*c 6 de«f 

a 2 b 3 c b e 8 

a 2 b 3 c 4 d b ef 3 

d 2 b 3 c 4 d 3 e b f 

a 2 b 3 c 4 d 2 e 7 

a 2 b 3 c 3 d 7 / 3 

a 2 b 3 cWe 2 f 2 

a 2 bh 3 d b e 4 f 

a 2 b 3 c 3 d 4 e (i 

a 2 b 3 c 2 d s ef 2 

d 2 b 3 c 2 d 7 e 3 f 

a 2 b 3 c 2 d 6 e b 

a 2 b n cd U) f 2 

a 2 b 3 cd 9 e 2 f 

a 2 b 3 cd 8 e 4 

a 2 b 3 d ll ef 

a 2 b 3 d l0 e 3 

d 2 b 2 c 9 f 

a 2 b 2 c 8 def 4 

a 2 b 2 c 8 e 3 / 3 

a 2 b 2 c 7 d 3 / 4 

d 2 b 2 c 7 d 2 e 2 f 

a 2 b 2 c 7 de 4 / 2 

a 2 b 2 c 7 e 6 f 

a 2 b 2 cH 4 ef 

a 2 b 2 c 6 d 3 e 3 f 2 

a*b*c°d*e?f 

a 2 b 2 c 6 de 7 

a 2 6Vd 6 / 8 

a 2 b 2 c b d 4 e 4 f 



+ 153480 

— 26700 

— 41360 
-306900 
+ 14360 

— 16170 
+ 243000 
+ 2340 

— 89550 
+ 270 
+ 15120 

— 810 
+ 945 

— 675 
+ 7200 

— 14115 

— 12860 
+ 8220 
+ 150 
+ 6155 

— 480 
+ 26700 
+ 63960 

— 6660 
-180600 

— 71610 

— 4755 
+ 141240 
+ 219730 

— 45130 
-240975 
+ 5580 
+ 128490 

— 34155 
+ 3645 

— 1890 
+ 2700 
+ 7590 
+ 8256 

— 105 

— 14360 

— 43605 

— 12310 
+ 4755 
+ 77790 
+ 59835 

— 57060 
-114960 
+ 19020 
+ 109660 

— 2481 

— 56110 
+ 14895 

— 1620 

+ 1 

+ 10 

+ 20 

— 130 
+ 90 

— 65 



a 2 b 2 c b d 3 e 6 

a 2 b 2 c 4 d 7 ef 2 

a 2 b 2 c 4 d 6 e 3 f 

a 2 b 2 c 4 d s e b 

a 2 b\H 9 f 2 

a 2 b\H 8 e 2 f 

a 2 b 2 c 3 d 7 e 4 

a 2 b 2 c 2 d 10 ef 

a 2 b 2 c 2 d°e 3 

a 2 b 2 cd l2 f 

a 2 b 2 cd ll e 2 

d 2 b 2 d l3 e 

a 2 bc w ef 4 

a 2 bc 9 d 2 / 4 

a 2 bc 9 de 2 f z 

a 2 bc 9 e 4 / 2 

a 2 bc 8 d 3 ef* 

a 2 be 8 d 2 e 3 f 2 

a 2 bc 8 de b f 

a 2 bc 8 e 7 

a 2 bc 7 d 5 f 3 

a 2 bc 7 d 4 e 2 / 2 

a 2 bc 7 d 3 e 4 f 

a 2 bc 7 d 2 e Q 

a 2 bc*d 5 e 3 f 

a 2 bc 6 d 4 e" 

a 2 bc 5 dsf 2 

a 2 bc 5 d 7 e 2 f 

a 2 bc 5 d & e 4 

a 2 bc 4 d 9 ef 

a 2 bc 4 d s e 3 

a 2 bc 3 d ll f 

a 2 bc 3 d l0 e 2 

a 2 bc 2 d l2 e 

a 2 bcd u 

a 2 c ll e 2 f 3 



2„1(U2 



a 2 c 10 



d 2 ef 3 
def 2 

Cl 2 C^€ b f 

d 2 c 9 d 4 f 3 

a 2 c 9 d 3 e 2 / 2 

a 2 c 9 d 2 e 4 f 

a 2 c 9 de 6 

aWef 2 

a 2 c 8 d 4 e 3 f 

a 2 c 3 d 3 e b 

a 2 c 7 d 6 e 2 f 

a 2 c 7 d 5 e 4 

a 2 c 6 d 8 ef 

a 2 cH 7 e 3 

a 2 c b d lo f 

a 2 c 5 d 9 e 2 

a 2 c 4 d n e 

d 2 c 3 d n 

ab w f 7 

ab 9 cef 6 

ab 9 d 2 f il 

ab 9 de 2 / 5 

ab 9 e 4 / 4 

ab 8 c 2 df % 



3p2 
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No. 29 A (continued). 



165 
870 
670 
180 
45 
75 
135 
30 
280 
2080 
1320 
3000 
4880 
4320 
2760 
6960 
6480 
1390 
600 
10070 
12600 
4050 
30 
1995 
1795 
9875 
3220 
5240 
4180 
12600 
1275 
17670 
36510 
6075 
1820 
38820 
66650 
19800 
5575 
5030 
4255 
2175 
1110 
870 
5550 
24240 
16194 
1240 
45180 
12180 
66650 
8550 
17520 
91260 
62100 
22600 
85800 
— 148890 
4- 1850 
— 150 



+ 



+ 
+ 



+ 



+ 



+ 



+ 



■■+■ ■1 



+ 









+ 
+ 

+ 






»>■■ 



+ 









abWe*/ 6 

ab 8 cd 2 ef 

ab 8 cde 3 / 4 

ab 8 ce 5 / 3 

ab*d 4 f b 

ab 8 d 3 e 2 / 4 

ab 8 d 2 e 4 / 3 

ab 7 c 4 / 6 

ab 7 c 3 def b 

abWf 4 

ab 7 c 2 d 3 / 5 

ab 7 c 2 d 2 e 2 f 4 

ab 7 c 2 de 4 / 3 

ab 7 c 2 ej 2 

ab 7 cd 4 ef 4 

ab 7 cd 3 e 3 / 3 

ab 7 cd 2 e b f 

ab 7 d 6 / 4 

ab 7 d b e 2 f 3 

ab 7 d 4 e 4 f 2 

ab 7 d 3 e % f 



ab 7 d"e 



2^8 



+ 



ab 6 c b ef 5 

ab G c 4 d 2 / 5 

ab G c 4 de 2 / 4 

ab 6 c 4 e 4 / 3 

ab 6 c 3 d 3 ef 4 

ab 6 c 3 d 2 e 3 / 3 

ab 6 c 3 de b f 2 

ab 6 c 3 e 7 f 

a¥c 2 d b f 4 

ab*c 2 d 4 e 2 f 

ab 6 c 2 d 3 e 4 / 2 

ab 6 c 2 de 8 

ab 6 cd 6 ef 3 

ab 6 cd b e 3 / 2 

ab G cd 4 e b f 

ab 6 cd 3 e 7 

ab G d 8 / 3 

ab«d 7 e 2 / 2 

ab G d 6 e 4 f 

ab 6 d b e 6 

a¥c"df b 

ab b c 6 e 2 / 4 

a¥c b d 2 ef 4 

ab 5 c b de 3 / 3 

a¥c b e b f 2 

ab b c 4 d 4 / 4 

ab b c*d 3 e 2 / 3 

ab b c 4 d 2 e 4 / 2 

ab b c 4 de 6 f 

ab b c 4 e 8 

ab b c 3 d b ef 3 

ab b c 3 d 4 e 3 / 2 

ab b c 3 d 



2^7 



ab b c 2 d 7 / 3 
ab b c 2 d & e 2 f 2 
ab b c 2 d r, e 4 f 
ab«c 2 d 4 e 6 

ab b cd 8 ef 2 



+ 15440 
+ 10350 

- 8256 
+ 12210 

- 7050 
+ 225 
+ 3600 

- 8100 
+ 940 
+ 12180 

- 72755 
+ 4255 
+ 46880 

- 360 
+ 148890 
+ 38950 
+ 42330 
-181980 

- 220125 

- 63960 
+ 181600 
+ 159000 
+ 43605 

- 62025 

- 92500 

- 20610 
+ 41250 
+ 5445 

- 6525 

- 900 

- 510 
+ 120 
+ 23790 

- 32000 
+ 58080 

- 15440 

- 12500 

- 48360 
+ 41360 
-181600 

- 18400 
+ 180600 
+ 289800 

- 77790 

- 87000 

- 318500 
+ 92200 
+ 179500 

- 17520 

- 69000 
+ 15300 

- 1350 
+ 135 
+ 540 
+ 8820 

- 41640 

- 12210 
+ 30265 
+ 16170 
+ 62025 



ab 5 cd 7 e 3 f 

ab b cd 6 e b 

ab 5 d 10 / 2 

a¥d 9 e 2 f 

ab b d 8 e 4 

ab 4 c 8 f 

ab 4 c 7 def 4 

ab 4 c 7 e 3 / 3 

ab 4 c 6 d 3 / 4 

ab 4 c 6 d 2 e 2 / 3 

ab 4 c 6 de 4 / 2 

abWf 

ab 4 &d 4 ef 

ab 4 c b d 3 e 3 / 2 

ab 4 c b d 2 e b f 

ab 4 c b de 7 

ab 4 c 4 d 6 / 3 

ab 4 c 4 d b e 2 / 2 

ab 4 c 4 d 3 e % 

ab 4 c 3 d 7 ef 2 

ab 4 c 3 d«e 3 f 

ab 4 c 3 d b e b 

ab 4 c 2 d 9 / 2 

ab 4 c 2 d 8 e 2 f 

ab 4 c 2 d 7 e 4 

ab 4 cd lQ ef 

ab 4 cd 9 e 3 

ab 4 d l2 f 

ab 4 d n e 2 

ab 3 c 9 ef 4 

ab 3 c 8 d 2 / 4 

ab 3 c 8 de 2 / 3 

ab 3 c 8 e 4 / 2 

ab 3 c 7 d 3 ef 3 

ab 3 c 7 d 2 e 3 / 2 

ab 3 c 7 de b f 

ab 3 c 7 e 7 

ab 3 c 6 d 5 / 3 

ab 3 c 6 d 4 e 2 / 2 

ab 3 c G d 3 e 4 f 

ab 3 c 6 d 2 e Q 

ab 3 c b d 6 ef 2 

ab 3 c 5 d 4 e b 

ab 3 c 4 d 8 f 

ab 3 c 4 d?e 2 f 

ab 3 c 4 d G e 4 

ab 3 c 3 d d ef 

ab 3 c 3 d 8 e 3 

ab 3 c 2 d n f 

ab 3 c 2 d 10 e 2 

ab 3 cd 12 e 

ab 3 d 14 

ab 2 c w df 4 

ab 2 c l0 e 2 / 3 

ab 2 c 9 d 2 ef 3 

ab 2 c 9 de 3 / 2 

ab 2 c 9 e b f 

ab 2 c 8 d 4 / 3 

ab 2 c 8 d 3 e 2 f 

ab 2 c 8 d 2 e 4 f 



+ 44225 

- 141240 
+ 87000 
-129000 
+ 57060 

- 5250 

- 46050 
+ 122800 
+ 10595 

- 88125 
+ 27300 

- 3375 

- 1080 
+ 5580 

- 9540 

- 2340 
+ 20610 

- 4350 
+ 45130 

- 92200 

- 25050 

- 19«20 
+ 46050 
+ 138750 
-178200 

- 1650 
+ 103950 

- 30250 
+ 3600 

+• i <vi«) 

- 270 

- 5445 

- 5580 
+ 17520 
+ 8700 
+ 2481 

- 10595 

- 31150 
+ 1650 
+ 37950 

- 22275 
+ 6600 

- 800 

5 
10 
75 
130 
310 
216 
5 
30 
705 
260 
265 
990 
1620 
555 
1620 
1215 
30 



+ 
+ 

+ 



+ 
+ 



ab 2 c 8 de 6 

ab 2 c 7 d 5 ef 2 

ab 2 c 7 d 4 e 3 / 2 

ab 2 c 7 d 3 e b 

ab 2 c 6 d 7 / 2 

ab 2 c e d b e 4 

ab 2 c b d 8 ef 

ab 2 c b d?e 3 

ab 2 c 4 d l0 f 

ab 2 c 4 d 9 e 2 

ab 2 c 3 d n e 

ab 2 c 2 d 13 

abc ll def 3 

abc u e 3 / 2 

abc 10 d 3 / 3 

abc l0 d 2 e 2 / 2 

abc lQ de 4 f 

abc 10 e 6 * 

abc 9 d 4 ef 

abc 9 d 3 e 3 f 

abc 9 d 2 e b 

abc 8 d 6 / 2 

abc 8 d b e 2 f 

abc 8 d 4 e 4 

abc 7 d 6 e 3 

abcVf 

abc 6 d 8 e 2 

abc b d 10 e 

abc 4 d 12 

ac 12 d 2 / 3 

ac 12 de 2 / 2 

ac l2 e 4 f 

ac ll d 3 ef 2 

ac u d 2 e 3 f 

ac ll de b 

ac lQ d b f 2 

ac 10 d 4 ^f 

ac^cfe 4 

ac 9 d 6 ef 

ac 9 d b e 3 

ac 8 d 7 e 2 

ac 7 d 9 e 

acW 

b lY ef 

b lo cdf« 

b™ce 2 f* 

b 10 d 2 ef b 

b 10 de 3 / 4 

b l0 e b f 3 

b 9 c 3 / 3 

b 9 c 2 def 

b 9 c 2 e 3 / 4 

b 9 cd 3 f b 

b 9 c<Pe 2 f 4 

b 9 cde 4 / 3 

b 9 ce 6 / 2 

b 9 d 4 ef 4 

b 9 d?e 3 f 3 

b 9 d?e b f 

b 8 c 4 ef b 



+ 



+ 

+ 
+ 



370 

1800 

2845 

570 

1640 

4185 

4050 

1110 

4170 

6075 

3620 

9310 

8550 

3375 

210 

615 

1285 

11420 

3765 

3155 

3160 

9850 

19800 

3375 

13500 

50550 

62100 

7240 

28710 

38950 

25875 

- 6155 
+ 125000 

- 7375 

- 45 
615 

3880 
4300 
13430 
18750 
2175 
30040 
-101450 

- 1850 

- 25875 
4- 34340 
-153480 
+ 220125 



+ 
+ 
+ 

+ 



4- 
+ 



+ 
+ 
+ 
+ 
+ 



4- 

+ 
+ 



6660 

18400 

73375 

12310 

44225 

42500 

4350 

5125 

45 

2940 

9960 

8175 



b^d 2 / 5 

b 8 c 3 de 2 / 4 

b 8 c 3 e 4 / 3 

b 8 c 2 d 3 ef 4 

b 8 c 2 d 2 e 3 / 3 

b 8 c 2 de b f 2 

b 8 (?e 7 f 

b 8 cd 5 / 4 

b 8 cd 4 e 2 / 3 

b 8 cd 2 e 6 f 

b 8 d 6 ef 3 

b 8 d b e 3 f 2 

b 8 d 4 e h f 

b 8 d 3 e 7 

b 7 c b df° 

b 7 c b e 2 / 4 

b 7 c 4 d 2 ef 4 

b 7 c 4 de 3 / 3 

b 7 c 4 e b f 2 

b 7 c 3 d 4 / 4 

b 7 c 3 d 3 e 2 / 3 

b 7 c 3 d 2 e 4 / 2 

b 7 c 3 de G f 

b 7 c 3 e 8 

b 7 c 2 d h ef 3 

b 7 c 2 d 4 e 3 / 2 

b 7 c 2 d 3 e b f 

b 7 cd 7 f 3 

b 7 cd 6 e 2 / 2 

b 7 cd b e 4 f 

b 7 cd 4 e 6 

b 7 d 8 ef 2 

b 7 d 7 e 3 f 

b 7 d 6 e b 

b 6 c 7 f b 

bWef 4 

b 6 c G e 3 / 3 

b 6 c b d 3 / 4 

b 6 c b d 2 e 2 / 3 

b 6 c b de 4 / 2 

bWf 

¥c 4 d 4 ef 3 

¥c 4 d 3 e 3 f 2 

b G c 4 d 2 e b f 

b 6 c 4 de 7 

b 6 c 3 d c f 3 

b G c 3 d b e 2 / 2 

b 6 c 3 d 4 e r f 

b 6 c 2 d 7 ef 2 

b 6 c 2 d 6 e 3 f 

b*e 2 d b e b 

¥cd 9 / 2 

b 6 cd 8 e 2 f 

b 6 cd 7 e 4 

b"d 10 ef 

b 6 d 9 e 3 

b b c 8 ef 4 

b 5 c 7 d 2 / 4 

b'Jde 2 / 3 

b b c 7 e 4 / 2 
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No. 29 a (continued). 



- 46160 
+ 34300 

- 10350 

+ 7375 

- 73828 
+ 306900 
-159000 
+ 73375 
+ 71610 

- 289800 

- 59835 
+ 129000 



+ 
+ 



+ 

+ 
+ 
+ 
+ 
+ 
+ 



80500 
25050 
80125 

8700 
19875 

1125 
990 

1710 
34620 

4650 

7050 
92290 



b 5 c 6 d 3 ef 3 

b 5 c 6 d 2 e 3 / 2 

b 5 c 6 de 5 f 

bW 

b 5 c 5 d 5 / 3 

b»c L d 4 e 2 f 2 

b 5 c 5 d 3 e 4 f 

b 5 c 5 d 2 e« 

b 5 c 4 d 6 ef 2 

¥c 4 d 5 e 3 f 

b 5 c 3 d 8 / 2 

b 5 c 3 d 7 e 2 f 

b 5 c 3 d 6 e 4 

b 5 c 2 d 9 ef 

b 5 c 2 d 8 e 3 

¥cd n f 

b 5 cd 10 e 2 

b 5 d 12 e 

b 4 c 9 df 4 

bWf 3 

b 4 c 8 d 2 ef 3 

b 4 c 8 de 3 / 2 

b 4 c 8 e b f 

b 4 c 7 d 4 / 3 



-243000 
+ 92500 

- 42500 
-219730 
+ 318500 

- 80500 
+ 114960 
+ 5250 
-138750 

- 1250 
31150 
40000 
18750 

2250 
135 
12060 
1980 
69220 
89550 
41250 
5125 
+ 240975 
-179500 



+ 
+ 

+ 



+ 



+ 



b 4 c 7 d 3 e 2 / 2 

b 4 c 7 d 2 e 4 f 

b 4 c 7 de 6 

bWef 2 

b 4 c 6 d 4 e 3 f 

b 4 c 6 d 3 e 5 

b 4 c b d 7 / 2 

b 4 c 5 d 6 e 2 f 

b 4 c 4 d 8 ef 

b 4 c 4 d 7 e 3 

b 4 c 3 d l0 f 

b 4 c 3 d 9 e 2 

b 4 c 2 d n e 

b 4 cd 13 

b 3 c li f 4 

b B c 10 def 3 

£3 c 10 e 3y>2 

b 3 c 9 d 3 f 3 

b 3 c 9 d 2 e 2 / 2 

b 3 c 9 de 4 f 

6W 

b 3 c 8 d 4 ef 2 

b 3 c 8 d 3 e 3 f 



+ 80125 
-109660 

- 122800 
+ 1250 
+ 178200 

- 37950 

- 37125 

+ 17875 

- 2125 
+ 1620 
+ 30510 

- 15120 
+ 6525 
-128490 
+ 69000 

- 19875 
56110 
88125 

- 40000 
-103950 
+ 37125 
+ 22275 

- 4125 



+ 
+ 



b 3 c 8 d 2 e 5 

b 3 c 7 d 6 / 2 

b 3 c 7 d 5 e 2 f 

b 3 c 7 d 4 e 4 

b 3 c 6 d 7 ef 

b 3 &d 9 f 

b 3 cH 8 e 2 

b 3 c 4 d l0 e 

b 3 c 3 d 12 

b 3 c l2 ef 3 

b 2 c ll d 2 / 3 

b 2 c n de 2 f 2 

b 2 c ll e 4 f 

b 2 c 10 d 3 ef 2 

b 2 c l0 d 2 e 3 f 

b 2 c™de 5 

b 2 c 9 d 5 / 2 

b 2 c 9 d 4 e 2 f 

b 2 c 9 d 3 e 4 

b 2 c 8 d 6 ef 

b 2 c 8 d 5 e 3 

b 2 c 7 d 8 f 

b 2 c*d 9 e 



+ 

+ 
+ 



+ 
+ 



+ 
+ 

+ 
+ 
+ 



+ 

+ 



500 

7290 

810 

34155 

15300 

1125 

14895 

27300 

18750 

30250 

17875 

6600 

4125 

729 
3645 
1350 
1620 
3375 
2250 
3600 
2125 
800 
500 



b 2 c 5 d u 

bc l3 df 3 

bc 13 e 2 / 2 

bc 12 d 2 ef 2 

bc 12 de 3 f 

bc 12 e b 

bc ll d 4 / 2 

bc ll d 3 e 2 f 

bc n d 2 e 4 

bc 10 d 5 ef 

bc w d 4 e 3 

bc 9 d 7 f 

bc 9 d 6 e 2 

c 15 / 3 

c 14 def 2 

c u e 3 f 

c l3 d 3 / 2 

c l3 d 2 e 2 f 

c 13 de 4 

c l2 d 4 ef 

c l2 d 3 e 3 

c n d 6 f 

c u d*e?. 



Mr. Salmon has also remarked to me, that in the Table No. 50 of the cubinvariant of 
a binary dodecadic*, the coefficients are altogether erroneous. There was, in fact, a fun- 
damental error in the original calculation ; instead of repeating it, I have, with a view to 
the deduction therefrom of the cubinvariant (see Fourth Memoir, No. 78), first calculated 
the dodecadic quadricovariant, the value of which is given in the following Table : — 

No. 49 a. 



( 



- 6 If 

+ 15 ce 
-10 d 2 



+ 6 ah 
-30 bg 

+ 54 c/ 
-30 de 



+ 


15 


ai 


— - 


54 


bh 


+ 


24 


W 


+ 150 


df 




135 


e 2 



+ 20 aj 

- 30 bi 

— 150 ch 
+ 430 dg 
-270 ef 



+ 15 
+ 30 
-270 

+ 270 
+ 495 



ah 

hj 
ci 

dh 

eg 



-540/ 



+ 


6 al 


+ 


54 


bh 


— 


150 


V 


— 


270 


di 


+ 1080 


eh 




IMfg 



+ 1 am 
+ 30 bl 
+ 24 ch 
-430 dj 

+ 495 ei 
+ 720 fh 
-840 g 2 





+ 6 bm 


+ 15 cm 


+ 20 dm 


+ 15 em 


+ 6 fm 


+ 1 gm 




+ 54 cl 


+ 30 dl 


— 30 el 


- 54/J 


— 30 gl 


- 6 hi 




- 150 dh 


— 270 eh 


-150 fh 


+ 24 gh 


+ 54 hh 


+ 15 ih 




- 270 ej 


+ 270 fj 


+ 430 gj 


+ 150 hj 


-30 ij 


-10/ 




+ 1080/^ 


+ 495 gi 


-270 hi 


-135 i 2 








— 720 gh 


— 540 h 2 











Jx, y)». 



* Third Memoir, Philosophical Transactions, t. cxlvi. (1856) p. 635. 
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It is now very easy to obtain the eubinvariant, which is 





agm 


jNo, 50 bis. 




+ 1 


- 54 cfl 


+ 270 dhi 


- 6 


ahl 


+ 24 r?^ 


-135 e 2 A- 


+ 15 


€€%fih 


+ 150 chj 


+ 270 e# 


-10 


•*> 

af 


— 1 35 c^ 2 


+ 495 egi 


— 6 


hfm 


— 10 d 2 m 


— 540 eA 2 


+ 30 


byl 


+ 30 ^/e/? 


— 540 f 2 i 


-54 


bhk 


+ 150 dfh 


+ 720 /r/A 


+ 30 


bij 


— 430 df$; 


-280 / 


-+ 1 


cem 







